In this paper, we present a method to construct new stable equivalences of Morita type. Suppose that a stable equivalence of Morita type between finite dimensional algebras A and B is defined by a B-Abimodule N. Then, for any finite admissible set Φ of natural numbers and any generator X of the A-module category, the Φ-Beilinson-Green algebras G Φ A (X) and G Φ B (N ⊗ A X) are stably equivalent of Morita type. In particular, if Φ = {0}, we get a known result in literature. As another consequence, we construct an infinite family of derived equivalent algebras of the same dimension and of the same dominant dimension such that they are pairwise not stably equivalent of Morita type. Finally, we will prove that, if there is a graded stable equivalence of Morita type between graded algebras, then we can get a stable equivalence of Morita type between Beilinson-Green algebras associated with graded algebras.
Introduction
There are three fundamental equivalences: Morita, derived and stable equivalences in the representation theory of algebras and groups. For the first two, there is a corresponding Morita theory for each (see [24, 29] ), while much less is known for the last. Recently, a special class of stable equivalences, called stable equivalences of Morita type, are introduced by Broué in modular representations of finite groups. They are close to derived equivalences, are induced by bimodules, and are shown to be of great interest in modern representation theory since they preserve many homological and structural invariants of algebras and modules (see, for example, [4, 7, 15, 16, 27, 32, 33] ). Although we have a better understanding of stable equivalences of Morita type than on general stable equivalences, we still cannot give an answer for Auslander-Reiten conjecture (see, for Auslander-Reiten conjecture, [2, 22] ). In order to understand this kind of equivalences, one has to know, examples and basic properties of stable equivalences of Morita type as many as possible. So, one of most important questions is the following:
Question: How to construct stable equivalences of Morita type for finite-dimensional algebras ?
Up to now, only a few methods using one-point extensions, endomorphism algebras and Auslander-Yoneda algebras were known in [19, 20, 21, 5] . Of course, Rickard's result that the existence of derived equivalences for self-injective algebras imply the one of stable equivalences of Morita type provides another way to construct stable equivalences of Morita type. This method is no longer true for general finite-dimensional algebras (see [11] for some new advances in this direction). Moreover, unlike tensor products and trivial extensions preserved by derived equivalences [28] , stable equivalences of Morita type do not preserve tensor products and trivial extensions [22] . So, a systematical method for constructing stable equivalences of Morita type seems not yet to be available. In this paper, we shall look for a more general answer to this question, and present a method to construct new stable equivalences of Morita type for general finite-dimensional algebras. The procedure has two flexibilities, one is the choice of generators, and the other is the one of finite admissible sets. Thus this construction provides a large variety of stable equivalences of Morita type.
To state our first main result, let us recall the definition of Φ-Beilinson-Green algebras. Let A be a finitedimensional algebra and X an A-module. Then, for an admissible set Φ of natural numbers, there is defined an algebra G Φ A (X ), called the Φ-Beilinson-Green algebra of X in [25, 26] , which is equal to i, j∈Φ Ext j−i A (X , X ) as a vector space, and its multiplication is defined in a natural way (see Subsection 2.2 for details). Our main result reads as follows: Theorem 1.1. Let A and B be finite-dimensional k-algebras over a field k. Assume that two bimodules A M B and B N A define a stable equivalence of Morita type between A and B. Let X be an A-module which is a generator for A-module category. Then, for any finite admissible set Φ of natural numbers, there is a stable equivalence of Morita type between G Φ A (X ) and G Φ B (N ⊗ A X ).
Remark 1.2. (1)
Note that if Φ = {0}, then the above result was known in [5, 21] . Thus Theorem 1.1 generalizes the main result in [21] , and provides much more possibilities through Φ for constructing stable equivalences of Morita type. Also, our proof of Theorem 1.1 is different from that in [5, 21] .
(2) Note that Φ-Beilinson-Green algebra is a C-construction which is different from Φ-Auslander-Yoneda algebra, however, Φ-Auslander-Yoneda algebra is B-construction in the sense of Mori [23] .
From Theorem 1.1 and [5, Theorem 2] we have the following characterization of stable equivalences of Morita type for self-injective algebras. Corollary 1.3. Suppose that A and B are finite-dimensional self-injective k-algebras over a field k such that neither A nor B has semisimple direct summands. Let X be an A-module and let Y be a B-module. If there is a finite admissible set Φ of natural numbers such that G Φ A (A ⊕ X ) and G Φ B (B ⊕Y ) are stably equivalent of Morita type, then, for any finite admissible set Ψ of natural numbers, the algebras G Ψ A (A ⊕ X ) and G Ψ B (B ⊕Y ) are stably equivalent of Morita type.
As another byproduct of our considerations in this paper, we can construct a family of derived equivalent algebras with certain special properties. Corollary 1.4. There is an infinite series of k-algebras of the same dimension over an algebraically closed field such that they have the same dominant and global dimensions, and are all derived equivalent, but not pairwise stably equivalent of Morita type.
Finally, for finite group G, we can get stable equivalences of Morita type between Beilinson-Green algebra of G-graded algebra from G-graded stable equivalences of Morita type. For a G-graded k-algebra A = ⊕ g∈G A g , there is a Beilinson-Green algebraĀ defined as a G × G-matrix algebra with (Ā gh ) g,h∈G , wherē A gh = A gh −1 . Theorem 1.5. Suppose that there is a G-graded stable equivalence of Morita type between G-graded algebras A and B, then there is a stable equivalence of Morita type between the Beilinson-Green algebrasĀ and B of A and B, respectively.
The contents of this paper are organized as follows. In Section 2, we shall fix notations and prepare some basic facts for our proofs. In Section 3, we shall prove our main results, Theorem 1.1. In Section 4, we will concentrate our consideration on self-injective algebras, and establish some applications of our main results. In particular, in this section we shall prove Corollary 1.3 and supply a sufficient condition to verify when two algebras are not stably equivalent of Morita type to another algebra, which will be used in Section 5. In Section 5, we shall apply our results in the previous sections to Liu-Schulz algebras and give a proof of Corollary 1.4 which answers a question by Thorsten Holm. In the final section, for finite group, we can construct stable equivalences of Morita type between Beilinson-Green algebra of group graded algebra from group graded stable equivalences of Morita type.
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Preliminaries
In this section, we shall fix some notations, and recall some definitions and basic results which are needed in the proofs of our main results.
Some conventions and homological facts
Throughout this paper, k stands for a fixed field. All categories and functors will be k-categories and kfunctors, respectively. Unless stated otherwise, all algebras considered are finite-dimensional k-algebras, and all modules are finitely generated left modules.
Let C be a category. Given two morphisms f : X → Y and g : Y → Z in C , we denote the composition of f and g by f g which is a morphism from X to Z, while we denote the composition of a functor F : C → D between categories C and D with a functor G : D → E between categories D and E by GF which is a functor from C to E.
If C is an additive category and X is an object in C , we denote by add(X ) the full subcategory of C consisting of all direct summands of finite direct sums of copies of X . The object X is called an additive generator for C if add(X ) = C .
Let A be an algebra. We denote by A-mod the category of all A-modules, by A-proj (respectively, A-inj) the full subcategory of A-mod consisting of projective (respectively, injective) modules, by D the usual kduality Hom k (−, k), and by ν A the Nakayama functor DHom A (−, A A) of A. Note that ν A is an equivalence from A-proj to A-inj with the inverse Hom A (D(A), −). We denote the global and dominant dimensions of A by gl.dim(A) and dom.dim(A), respectively.
As usual, by D b (A) we denote the bounded derived category of complexes over A-mod. It is known that A-mod is fully embedded in D b (A) and that
Let X be an A-module. We denote by Ω i A (X ) the i-th syzygy, by soc(X ) the socle, and by rad(X ) the Jacobson radical of X .
Let X be an additive generator for A-mod. The endomorphism algebra of X is called the Auslander algebra of A. This algebra is, up to Morita equivalence, uniquely determined by A. Note that Auslander algebras can be described by two homological properties: An algebra A is an Auslander algebra if gl.dim(A)≤ 2 ≤ dom.dim(A).
An A-module X is called a generator for A-mod if add( A A) ⊆ add(X ); a cogenerator for A-mod if add(D(A A )) ⊆ add(X ), and a generator-cogenerator if it is both a generator and a cogenerator for A-mod. Clearly, an additive generator for A-mod is a generator-cogenerator for A-mod. But the converse is not true in general.
Admissible sets and perforated covering categories
In [25, 26] , a class of algebras, called Φ-Green algebras, were introduced. Recall that a subset Φ of N is said to be admissible provided that 0 ∈ Φ and that for any p, q, r ∈ Φ with p + q + r ∈ Φ we have p + q ∈ Φ if and only if q + r ∈ Φ. As shown in [13] , there are a lot of admissible subsets of N. For example, given any subset S of N containing 0, the set {x m | x ∈ S} is admissible for all m ≥ 3.
Let Φ be an admissible subset of N. Let C be a k-category, and let F be an additive functor from C to itself. The (F, Φ)-covering category C F,Φ cov of C is a category in which the objects are the same as that of C , and the morphism set between two objects X and Y is defined to be
and the composition is defined in an obvious way. Since Φ is admissible, C F,Φ cov is an additive k-category. In particular, Hom C F,Φ cov (X , X ) is a k-algebra (which may not be finite-dimensional), and Hom C
For more details, we refer the reader to [25, 26] . In this paper, the category C F,Φ cov is simply called a perforated covering category, and the algebra Hom C F,Φ (X , X ) is called perforated covering algebra of X without mentioning F and Φ.
In case C is the bounded derived category D b (A) with A a k-algebra, and F is the shift functor [1] of 
where
Let Φ be a finite admissible subset of N and let m = max{i|i ∈ Φ}. Thus we get m ≥ 0. Then the algebras
, and mention some basic properties of these algebras. Firstly, let us define an R-module G Φ A (X ) as follows:
Recall that the triangular matrix algebra of this form seems first to appear in the paper [8] by Edward L. Green in 1975 . A special case of this kind of algebras appeared in the paper [3] by A. A. Beilinson in 1978, where he described the derived category of coherent sheaves over P n as the one of this triangular matrix algebra. Perhaps it is more appropriate to name this triangular matrix algebra as the Φ-Beilinson-Green algebra of X .
The following lemma tells us that G Φ A (X ) is an associative ring by the multiplication defined above. The following fact of the Φ-Green algebra G Φ A (X ) is useful, which can be easily check. Let
Lemma 2.2. Suppose that A is an algebra, that X is an A-module, and that Φ is a finite admissible subset of N.
is an equivalence of categories; (2) Let B be a k-algebra, and let P be a B-A-bimodule such that P A is projective. Then there is a canonical algebra homomorphism α P :
Proof. Note that the objects of add Φ A (X ) are the same objects as add A (X ), The following homological result plays an important role in proving Theorem 1.1. Lemma 2.3. Suppose that A, B and C are k-algebras. Let A X be a module, and let A Y B and B P C be bimodules with B P projective. Then, for each i ≥ 0, we have Ext
Proof. The first part of Lemma 2.3 is proved in [5, Lemma 2.5]. Second, for each admissible subset Φ of N, we define a map ϕ Φ :
, where p j j ∈ P, and f i j ∈
By the proof of first part of [5, Lemma 2.5], we know that ϕ Φ is an isomorphism of G Φ C (C) op -modules. It suffices to show that ϕ Φ is an isomorphism of left G Φ A (X )-modules, this follows from the proof of the second part of [5, Lemma 2.5].
Stable equivalences of Morita type for Φ-Beilinson-Green algebras
In this section, we shall prove Theorem 1.1. First, let us recall the definition of stable equivalences of Morita type in [4] . In this case, we say that M and N define a stable equivalence of Morita type between A and B. Moreover, we have two exact functors T N := N ⊗ A − : A-mod → B-mod and T M := M ⊗ B − : B-mod → A-mod. Similarly, the bimodules P and Q define two exact functors T P and T Q , respectively. Note that the images of T P and T Q consist of projective modules.
Let us remark that if A and B have no separable direct summands, then we may assume that M and N have no non-zero projective bimodules as direct summands. In fact, If M = M ′ ⊕ M ′′ and N = N ′ ⊕ N ′′ such that M ′ and N ′ have no non-zero projective bimodules as direct summands, and that M ′′ and N ′′ are projective bimodules, then it follows from [20, Lemma 4.8] that M ′ and N ′ also define a stable equivalence of Morita type between A and B.
From now on, we assume that A, B, M, N, P and Q are fixed as in Definition 3.1, and that X is a generator for A-mod. Moreover, we fix a finite admissible subset Φ of N, and define Λ := G Φ A (X ) and Γ := G Φ B (N ⊗ A X ). Since the functors T N and T M are exact, they preserve acyclicity, and can be extended to triangle functors
Similarly, we define the functor G.
The functor F gives rise to a canonical algebra homomorphism α N :
Note that the homomorphism α N coincides with the one defined in Lemma 2.2, when X • is an A-module.
Proof of Theorem 1.1. We define
In the following we shall prove that U and V define a stable equivalence of Morita type between Λ and Γ.
First, we endow U with a right Γ-module structure by u · γ := uG(γ) for u ∈ U and γ ∈ Γ, and endow V with a right Λ-module structure by v · λ := vF(λ) for v ∈ V and λ ∈ Λ. Then, U becomes a Λ-Γ-bimodule, and V becomes a Γ-Λ-bimodule.
By definition, we know V = Γ, and it is a projective left Γ-module. Note that A X is a generator and the images of T P consists of projective modules. We conclude that
Thus U is projective as a left Λ-module by Lemma 2.2.
(1) U ⊗ Γ V , as a Λ-Λ-bimodule, satisfies the condition (2) in Definition 3.1. Indeed, we write
, and define a right Λ-module structure on W by w · λ ′ := w(GF)(λ ′ ) for w ∈ W and λ ′ ∈ Λ. Then W becomes a Λ-Λ-bimodule. Note that there is a natural Λ-module isomorphism ϕ : U ⊗ Γ V → W defined by x ⊗ y → xG(y) for x ∈ U and y ∈ V . We claim that ϕ is an isomorphism of Λ-Λ-bimodules. In fact, it suffices to show that ϕ respects the structure of right Λ-modules. However, this follows immediately from a verification: for c ∈ U, d ∈ V and a ∈ Λ, we have
Combining this bimodule isomorphism ϕ with Lemma 2.2, we get the following isomorphisms of Λ-Λ-bimodules:
where the second isomorphism follows from M ⊗ B N ≃ A ⊕ P as A-A-bimodules, and where the right Λ-module structure on G Φ A (X , P ⊗ A X ) is induced by the canonical algebra homomorphism
is a projective Λ-Λ-bimodule. For this purpose, we first note that the right Λ-module structure on
is the canonical projection and µ ′ is the canonical algebra homomorphism End
Similarly, from the homomorphisms
where µ : End A (X ) → End A (A ⊗ k X ) is induced by the tensor functor A ⊗ k −, we see that the right Λ-
Moreover, it follows from Lemma 2.3 that
can be regarded as a right Λ-module via the homomorphism
Similarly, we endow Z with a right Γ-module structure defined by z · b := z(FG)(b) for z ∈ Z and b ∈ Γ. Then Z becomes a Γ-Γ-bimodule. Observe that, for each A-module Y , there is a homomorphism
) of Γ-modules, which is defined by g ⊗ h → gF(h) for g ∈ V and h ∈ G Φ A (X ,Y ). This homomorphism is natural in Y . In other words, Ψ :
is a natural transformation of functors from A-mod to Γ-mod. Clearly, Ψ X is an isomorphism of Γ-modules. It follows from
Similarly, we can check that Ψ T M (N⊗ A X) preserves the structure of right Γ-modules. Thus Ψ T M (N⊗ A X) : V ⊗ Λ U → Z is an isomorphism of Γ-Γ-bimodules, and there are the following isomorphisms of Γ-Γ-bimodules:
, where the second isomorphism is deduced from N ⊗ A M ≃ B ⊕ Q as B-B-bimodules. By an argument similar to that in the proof of (1), we can show that
is a projective Γ-Γ-bimodule. It remains to show that U Γ and V Λ are projective. This is equivalent to showing that the tensor functors T U := U ⊗ Γ − : Γ-mod → Λ-mod and T V := V ⊗ Λ − : Λ-mod → Γ-mod are exact. Since tensor functors are always right exact, the exactness of T U is equivalent to the property that T U preserve injective homomorphisms of modules. Now, suppose that f : C → D is an injective homomorphism between Γ-modules C and D. Since
is a right projective Γ-module, we know from ( * * ) that the composition functor T V T U is exact. In particular, the homomorphism (
Ker (T U ( f )) → T U (C) be the canonical inclusion. Clearly, we have µT U ( f ) = 0, which shows T V (µT U ( f )) = T V (µ)(T V T U )( f ) = 0. It follows that T V (µ) = 0 and (T U T V )(µ) = 0. By ( * ), we get µ = 0, which implies that the homomorphism T U ( f ) is injective. Hence T U preserves injective homomorphisms. Similarly, we can show that T V preserves injective homomorphisms, too. Consequently, U Γ and V Λ are projective.
Thus, the bimodules U and V define a stable equivalence of Morita type between Λ and Γ. This finishes the proof of Theorem 1.1.
Remarks.
(1) if we take Φ = {0} in Theorem 1.1, then we get [21, Theorem 1.1]. If we assume that A is a self-injective algebra, then we get a stable equivalence of Morita type between G Φ A (A ⊕ X ) and G Φ A (A ⊕ Ω i A (X )) for any A-module X , finite admissible subset Φ of N and integer i ∈ Z. This follows from Theorem 1.1 and the fact that Ω A provides a stable equivalence of Morita type between A and itself if A is self-injective.
(2) Since stable equivalences of Morita type preserve the global, dominant and finitistic dimensions of algebras, Theorem 1.1 asserts actually also that these dimensions are equal for algebras G Φ A (X ) and
Many important classes of algebras are of the form End A (A ⊕ X ) with A a self-injective algebra. From the above remarks (see also [13, Corollary 3.14]), we may get a series of algebras which are stably equivalent of Morita type to Schur algebras. For unexplained terminology in the next corollary, we refer the reader to [10] . Corollary 3.2. Suppose that k is an algebraically closed field. Let S n be the symmetric group of degree n. We denote by Y the direct sum of all non-projective Young modules over the group algebra k[S n ] of S n . Then, for every finite admissible subset Φ of N, the algebras
) are stably equivalent of Morita type for all i ∈ Z.
Stable equivalences of Morita type based on self-injective algebras
Since derived equivalences between self-injective algebras implies stable equivalences of Morita type by a result of Rickard [28] , this makes stable equivalences of Morita type closely related to the Broué abelian defect group conjecture which essentially predicates a derived equivalence between two block algebras [4] , and thus also a stable equivalence of Morita type between them.
In this section, we will apply Theorem 1.1 and [5, Theorem 1.2] to self-injective algebras. It turns out that the existence of a stable equivalence of Morita type between Φ-Auslander-Yoneda algebras of generators for one finite admissible set Φ implies the one for all finite admissible sets.
Throughout this section, we fix a finite admissible subset Φ of N, and assume that A and B are indecomposable, non-simple, self-injective algebras. Let X be a generator for A-mod with a decomposition X := A ⊕ 1≤i≤n X i , where X i is indecomposable and non-projective such that X i ≇ X t for 1 ≤ i = t ≤ n, and 
Proof.
(1) For convenience, we set Λ = G Φ A (X ). Since A is self-injective, it follows from that Finally, we consider the dominant dimension of dom.dim(G Φ A (X )).
. This implies that dom.dim(G Φ A (X )) = 0. We finish the proof.
(2) Contrarily, we suppose that the algebra G Φ A (X ) has a semisimple direct summand. Then G Φ A (X ) has a simple projective-injective module S. According to (1), we know that S must be a simple projective-injective End A (X )-module. Then it follows from the first part of the proof of [5, Corollary 4.7] that A has a semisimple direct summand. Clearly, this is contrary to our initial assumption that A is indecomposable and non-simple. Thus G Φ A (X ) has no semisimple direct summands. Proof. For convenience, we set
. By Lemma 4.1, the algebras Λ and Γ have no semisimple direct summands. Let e be the idempotent in Λ 0 corresponding to the direct summand A of X , and let f be the idempotent in Γ 0 corresponding to the direct summand B of Y . Let
 be the idempotents of Λ and Γ, respectively. Note
Suppose that a stable equivalences of Morita type between Λ and Γ is given. we know that the idempotent e ′ in Λ and the idempotent f ′ in Γ satisfy the conditions in [5, Theorem 1.2]. It follows from that there are bimodules e ′ Λe ′ M ′ f ′ Γ f ′ and f ′ Γ f ′ N ′ e ′ Λe ′ which define a stable equivalence of Morita type between e ′ Λe ′ and
We know that . By the given decompositions of X and Y , we conclude that n = m and, up to the ordering of direct summands, we may assume that A M ⊗ B Y i ≃ X i ⊕ P i as A-modules, where A P i is projective for all i with 1 ≤ i ≤ n. Now, the last statement in this corollary follows immediately from Theorem 1.1. Thus the proof is completed.
Usually, it is difficult to decide whether an algebra is not stably equivalent of Morita type to another algebra. The next corollary, however, gives a sufficient condition to assert when two algebras are not stably equivalent of Morita type. Corollary 4.3. Let n be a non-negative integer. Let W be an indecomposable non-projective A-module. Suppose that Ω s A (W ) ≃ W for any non-zero integer s. Set W n = 0≤i≤n Ω i A (W ). Then, for any finite admissible subset Ψ of N, the algebras
are not stably equivalent of Morita type whenever m and l belong to N with n < m < l.
Proof. Suppose that there is a finite admissible subset Ψ of N such that
) are stably equivalent of Morita type for some fixed l, m ∈ N with n < m < l. Set Φ 1 = {0, 1, · · · , n} ∪ {l} and Φ 2 = {0, 1, · · · , n} ∪ {m}. Then, by Theorem 4.2, we know that there exist bimodules A M A and A N A which define a stable equivalence of Morita type between A and itself, and that there is a bijection σ :
A (W ) ⊕ P j as A-modules, where P j is projective for each j ∈ Φ 1 . In particular, we have
) cannot be stably equivalent of Morita type whenever l and m ∈ N with n < m < l.
This corollary will be used in the next section.
A family of derived-equivalent algebras: application to Liu-Schulz algebras
In this section, we shall apply our results in the previous sections to give an affirmative answer for the following problem on derived equivalences and stable equivalences of Morita type:
Problem. Is there any infinite series of finite-dimensional k-algebras such that they have the same dimension and are all derived-equivalent, but not stably equivalent of Morita type ?
This problem was originally asked by Thorsten Holm at a workshop in Goslar, Germany, and it has an affirmative answer in [5] . Here we give another answer to this problem.
Recall that Liu and Schulz in [17] constructed a local symmetric k-algebra A of dimension 8 and an indecomposable A-module M such that all the syzygy modules Ω n A (M) with n ∈ Z are 4-dimensional and pairwise non-isomorphic. This algebra A depends on a non-zero parameter q ∈ k, which is not a root of unity, and has an infinite DTr-orbit in which each module has the same dimension. A thorough investigation of Auslander-Reiten components of this algebra was carried out by Ringel in [31] . Based on this symmetric algebra and a recent result in [25] together with the results in the previous sections, we shall construct an infinite family of algebras, which provides a positive solution to the above problem.
From now on, we fix a non-zero element q in the field k, and assume that q is not a root of unity. The 8-dimensional k-algebra A defined by Liu-Schulz is an associative algebra (with identity) over k with the generators: x 0 , x 1 , x 2 , and the relations: x 2 i = 0, and x i+1 x i + qx i x i+1 = 0 for i = 0, 1, 2. Here, and in what follows, the subscript is modulo 3.
Let n be a fixed natural number, and let Φ = {0} or {0, 1}. For j ∈ Z , set u j := x 2 + q j x 1 , I j := Au j , The proof of Theorem 5.1 will cover the rest of this section.
The following result can be directly deduced from the work of in [25, 26] . 
Stable equivalences of Morita type for Beilinson-Greeen algebras of associated graded algebras
Let A = A 0 ⊕ A 1 ⊕ A 2 · · · ⊕ A n be a graded k-algebra with multiplication induced from multiplication of A, given by
We say a graded A-module M has degree ≤ n if M i = 0 for i ≥ n + 1. Let G n (A) be the category of graded A-modules with degree ≤ n and degree zero maps. Recall that Beilinson-Green algebra [3, 8] is defined as follows:
Then we have the main theorem of this section. Proof. Suppose that M and N induce a graded stable equivalence of Morita type between A and B, then (1) M is a left graded projective A-module and right graded projective B-module, and N is a left graded projective B-module and right graded projective A-module.
(2) M ⊗ B N ≃ A ⊕ P as A-A-graded bimodules for some projective graded A-A-bimodule P, and N ⊗ A M ≃ B ⊕ Q as B-B-graded bimodules for some projective graded B-B-bimodule Q. (1) We claim thatM is a left projectiveĀ-module and right projectiveB-module. It is well-known that {A n−i (−i)|0 ≤ i ≤ n} are graded projective A-modules. It follows from A M ∈ add ⊕ 0≤i≤n A n−i (−i) that AM = ⊕ 0≤i≤n M n−i (−i) ∈ addĀ. Consequently,M is a left projectiveĀ-module. Similarly,M is a right projectiveB-module andN is a left projectiveB-module and right projectiveĀ-module. 
